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Abstract—We present a multiband envelope-function model for
wurtzite nanostructures based on a rigorous numerical procedure
to determine operator ordering and band parameters from
nonlocal empirical pseudopotential calculations. The proposed
approach leads to numerically stable envelope equations that
accurately reproduce full-Brillouin-zone subband dispersions of
quantum systems obtained within the linear combination of bulk
bands.

Multiband k·p envelope function (EFA) models continue
to play a key role in the design of III-nitride optoelectronic
devices owing to their fair compromise between accuracy and
computational cost. State-of-the-art GaN-based LEDs [1], [2]
have complex structures thus requiring multiscale approaches
to achieve a self-consistent simulation of carrier transport [3],
[4], device-related effects such as current crowding, optical
properties [5] and Auger transitions [5–9]. An unwelcome
feature of the multiband EFA method is the appearance of
spurious solutions due to incorrect operator ordering and
inappropriate choices of band parameters [10], [11]. In general,
k·p parameters are obtained from more fundamental calculations or experimental data through fitting procedures. Due to
the lower symmetry of wurtzite crystals, which implies a larger
set of parameters compared to zinc-blende semiconductors
(valence band parameters A1 -A7 , crystal field splitting ∆cr ,
∥
spin-orbit splitting ∆so , electron effective masses me and m⊥
e ,
and the optical matrix parameter Ep ), potential inconsistencies
may arise from such fitting approaches, for different sets
of parameters may produce a very similar fit to the target
crystal band structure. Many strategies have been proposed
to eliminate spurious solutions but none has yet found wide
acceptance [12].
II. M ODEL AND METHOD
The k·p model in our work can be considered an extension
of the model proposed by Chuang [13] with amendments to
account for operator ordering and nonlocal potentials. The
derivation of the model is based on a nonlocal empirical
pseudopotential method(NL-EPM) [14–16]. Having separated
local and nonlocal components of the Hamiltonian
h̄2
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The resulting k·p Hamiltonian takes the following form

I. I NTRODUCTION

Ĥ =

the relevant commutators displaying its wavevector dependence are
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Here Ĥloc and Ĥnl are the local and nonlocal potential of
the Hamiltonian, respectively. The non-commutability between
potential and position operators is usually neglected in k·p
theories. However, non-local potentials were found to have a
significant impact on optical spectra [17]. The explicit form
of the 8 × 8 k·p Hamiltonian including nonlocal terms is
derived on the basis of quasi-degenerate perturbation theory.
By replacing in the bulk Hamiltonian the wave vectors km
with −i∂m , we obtain the finite-element discretization of the
equation system for the nanostructure envelopes F (r)
{ ∑
]
∑ [ (1)
(1)
−
∂m h(2) (r)∂n −
hL (kt , r)i∂m + i∂m hR (kt , r)
m,n

m

}
(0)
+ h (kt , r) F (r) = EF (r).

(5)

III. S IMULATION RESULTS
Fig. 1 compares the bulk band structure of GaN computed
with NL-EPM and the present NL-EPM-derived k·p model.
The valence band structure and the nonparabolicity of the
conduction band are accurately reproduced near Γ. Nonlocal
terms arising from the non-commutability of the Hamiltonian
with the position operator were found to be critically important
to reproduce the dispersion diagram. The valence subband
structure of a 30 Å wide GaN/Al0.2 Ga0.8 N quantum well
computed with the present k·p model and NL-EPM LCBB
is shown in Fig. 2. The discrepancies for higher subbands
can be ascribed to the one material approximation employed
in the LCBB formulation. The non-ellipticity of the EFA
equations, estimated through the ρ ratio defined in Ref. [18],
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Fig. 1. Band structure of GaN, computed with NL-EPM (dashed lines)
and the present k·p model with parameters derived from the corresponding
NL-EPM bands (solid lines).

NL EPM derived k⋅p
LCBB, one material

0.02

Energy, eV

0
0.02
0.04
0.06
0.08
0.1
0

0.05

0.1

kt, 1/Å

0.15

0.2

Fig. 2. Valence-subband structure of a 30 Å wide GaN/Al0.2 Ga0.8 N quantum
well computed with the present k·p model (solid lines), and LCBB (dashed
lines).

shows a larger stability region with respect to previous k·p
parametrizations, thus confirming that the proposed model is
numerically stable.
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We have extended the conventional k·p theory for wurtzite
crystals to account for nonlocal potentials and operator ordering. Based on a rigorous procedure to extract band parameters
from nonlocal potentials, the proposed approach leads to a
numerically stable finite-element model that accurately reproduces full-Brillouin-zone calculations of subband dispersions
in quantum-confined nanostructures. In conclusion, the extraction procedure serves two purposes: it provides a unique set
of k·p parameters and guarantees numerical stability.
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